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@ Skaitlu kopigie dalitaji un dalamie.
o Eiklida algoritms.

@ Smaga tehnika - kezu dalas.
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Skaitlu k

Teorema

VaeZVb3lqeZAre N(a=bqg+rAr<b).

Piemers
—7=3(-3)+2.

Sai pieméra a=—7, b=3,g=—3 un r=2.

Definicija

Pienemsim, ka a € Z, b € Z4 un a= bq+ r, kur r € [0; b), tad
skaitli q sauc par nepilno dalijumu, bet skaitli r — par atlikumu.

v

Sekas
Jaa=bg+r a,qg€Z, unr=0, tad nepilnais dalijums ir vienads
ar dalijumu.
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Definicija
Skaitli q sauc par skaitlu a1, az, ..., a, kopigo dalitaju, ja
Viel,n: g\ ai.

Definicija

Lielako no skaitlu a1, a2, ..., a, kopigajiem dalitajiem sauc par
skaitlu ay, as, . .., a, lielako kopigo dalitaju.

Skaitlu ay, a, ..., a, lielaka kopiga dalitaja apZimésanai lietosim

pierakstu 1d(ay, a2, . . ., an).
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Definicija
Ja

D(ar,as,... ) = {a¥ic T+ g~ ap,
tad

1d(a1, ag,...,a,) = maxD(ay, as, ..., an).
Piemers
D(12,8,20) = {1;2;4}, bet
Id(12,8,20) = max D(12,8,20) = max {1;2;4} = 4.
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Skaitlu k

Definicija
Skaitlus a1, az, . .., an sauc par relativiem pirmskaitliem, ja
Id(ay, a2,...,a,) = 1.

Definicija
Ja
VIV_/ (175_/ = ld(a,-, aj) = 1),
tad skaitlus a1, az, . . ., ap sauc par savstarpéjiem pirmskaitliem.
Piemers

Ja a1 =8, ax=6 un az=3, tad tie ir relativi pirmskaitli (jo izpildas
1d(8,6,3) = 1), bet tie nav savstarpgji pirmskaitli (jo 1d(8,6) = 2.)

<

Raivis Bets, LU FMF lektors Smaga tehnika matematika.



Teorema

Ja a ir b daudzkartnis, tad D(a, b) = D(b).

Piemers
Jaa=6unb=2, tad D(6,2) = {1;2} = D(2).

Sekas
Ja a ir b daudzkartnis, tad 1d(a, b) = b.

Piemers
Jaa=6unb=2, tad1d(6,2) = 2.
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Teorema

Ja a= bg+ ¢, tad D(a,b) = D(b, c).

Piemers
22=4-5+2, tad D(22,4) = {1;2} = D(4,2).

Sekas
Ja a= bg+ ¢, tadld(a, b) =1d(b, ¢).

Piemers
52 =6-8+4, tad 1d(52,6) = 2 =1d(6,4).
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Eiklida

Eiklida algoritms. Pienemsim, ka rp € Z, bet r; € Z .
Eikida algoritmu defing induktivi:
(i) Skaitli ry izsaka forma

= nqy+ re, kur 0<nm<n.

Ja rn =0, tad Eiklida algoritms beidz darbu. Ja rn # 0, tad Eiklida
algoritms atkarto soli (i) par ry nemot ry, bet par r; nemot ry.

(ii) Induktivais solis. Pienemsim, ka iegiita vienadiba
fm—1 = rmqn + rm+1, kur 0 < rpgp1 < rp.

Ja rpp1 =0, tad Eiklida algoritms beidz darbu. Pretgja gadijuma,
t.i., rm+1 # 0, Eiklida algoritms atkarto soli (i) par rp nemot r,, bet
par rp nemot rpyq.
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Eikhda al

Apgalvojums
Katram skait/u parim ry € Z, ri € Z eksisté tads n € Z, ka
izpild3s vienadibas
= rqi+r, 0<r<n;
n = rq + m, 0< 3 <m;
ri-1 = riqi + ri+1, 0<rip1 <ri (1)
fh—2 = 'h—1qn—1 + I'n, 0<ry<rpq;
I'n—1 = rnQn + r'n+1, Ozrn—I—l < Ip.
Tatad
r'n—1 = tnQqn- (2)
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Eikhda a

Piemers
Izvélamies ry = 525 un rp = 231. Pielietosim Eiklida algoritmu
siem diviem skaitliem:

925 = 231 -2 + 63, 0 <63 < 231,
231 =63 -3 + 42, 0 <42 < 63;
63 =42 -1+ 21, 0 < 21 < 42;

42 =21-240, 0 < 21.

Apgalvojums

Skaitlu a un b lielakais kopigais dalitajs 1d(a, b) ir vienads ar
pédéjo nenulles atlikumu Eiklida algoritma.
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Eiklid

Piemers
Atrast 1d(525,231)! J
Risinajums. Izmantojam Eiklida algoritmu:
525 :231=2
— 462
231 :63 =3
— 189
63 :42 =1
— 42
42: 21 =2

Ta ka pedgjais nenulles atlikums ir 21, tad 1d(525,231) = 21.
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Eiklid

Uzdevums
Atrast 1d(1064, 462)! J
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Eiklid

Uzdevums
Atrast 1d(1064,462)! J

Risinajums. Izmantojam Eiklida algoritmu:

1064 : 462 =2
- 924
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Eiklid

Uzdevums
Atrast 1d(1064,462)! J

Risinajums. Izmantojam Eiklida algoritmu:

1064 : 462 =2
- 924
462 :140 =3
— 420
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Eiklid

Uzdevums
Atrast 1d(1064,462)! J

Risinajums. lzmantojam Eiklida algoritmu:

1064 :462 =2

- 924
462 :140 =3
— 420
138 :42 =3

— 126
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Eiklid

Uzdevums
Atrast 1d(1064,462)! }

Risinajums. Izmantojam Eiklida algoritmu:

1064 :462 =2

- 924
462 :140 =3
— 420
138 :42 =3
— 126
42: 14 =3

Ta ka pedgjais nenulles atlikums ir 14, tad 1d(1064, 462) = 14.
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Eiklid

Apgalvojums
ld(am, bm) = m1d(a, b).

Piemers
Jaa=6,b=8 unm=25, tad
1d(6-5,8-5) =1d(30,40) =10=5-2=5- 1d(6,8).
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Eiklida

Teorema

Jald(a,b) =d tad3x€ Z3y € Z: ax+ by=d.

Piemers
[zvelesimies a = 14 un b =8, tad
dx=3,Jy=-5: 14-3+8-(-5) =2.

Uzdevums
Atrast x un y, ja a= 18, b= 30.

Uzdevums

Atrast x un y, ja a= 18, b= 28.

Raivis Bets, LU FMF lektors Smaga tehnika matematika.



Eikhda a

Atrisinajums
Izvelesimies a = 18, b = 30, tad 1d(18

,30) =6 un
dx=2,Jy=-1: 18-2+30-(—1)=6.

Atrisinajums
Izvelesimies a = 18, b = 28, tad 1d(18,28) = 2 un
dx=-3,Jy=2: 18-(-3)+28-2=2.

Sekas
ld(a,b) =1 & Ix€ZIycZ ax+by=1.

Piemers
Izvelesimies a = 16 un b= 21, tad 1d(16,21) =1 un
dx=4,Jy=-3: 16-4+21-(-3)=1.
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Eikhda al

Definicija

Katru veselu pozitivu skaitli, kas ir visu doto skaitlu daudzkartnis
sauc par o skait/u kopigo dalamo. )
Sekas

Skaitliem a1, az, . .., a, eksisté kopigais dalamais. )
Definicija

Mazako no skaitlu ay, az, . .., an kopigajiem dalamajiem sauc par
skaitlu ay, az, . .., a, mazako kopigo dalamo. Skaitlu ai, a2, ..., an
mazaka kopiga dalama apzimésanai lietosim pierakstu

md(a, ag,...,ap).
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Eiklida

Apgalvojums
ab
1d(a, b)

=md(a, b) jeb ab=1d(a, b) - md(a,b) .

Piemers
Ja a=15un b= 21, tad 1d(15,21) = 3 un md(15,21) = 105.

P SR s e s 1521 _ 315 _
Tiesam izpildas apgalvojuma teiktais: 5= = 232 = 105.
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Definicija

Vektoru pari (qi,qz,.-.,qn), (01,02, ...,0,) sauc par galigu kézu
dalu, ja:

(i) Vi>1gq; > 0;

(i)

oi=q1+ T
g2 +

gs+

qi-1+ —

g; sauc par i~to nepilno dalijumu;
dj sauc par i~to tuvinajuma dalu.
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Galigas keézu dalas apzimésanai lieto pierakstu [q1; 2, . . ., Gal.
Definicija

Galigu kézu dalu [q1; g2, . - ., qn] sauc par skaitla o € R
reprezentaciju, ja o = dp,.

Definicija
Sai gadijuma més ari teiksim, ka kéZu dala [q1; Ga, - - - , Gn)]
reprezente skaitli o.
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| x| - vesela dala no apaksas, bet {x} = x— | x|
Piemeérs
|14,23] = 14, bet {14,23} = 14,23 — 14 = 0, 23. J

Eilera algoritms. Dots reals skaitlis .
Algoritma sakums. Defingjam oy = o Aprekinam g1 = |a1].
(i) Ja {a1} = 0, tad algoritms beidz darbu;

1
(i) ja {a1} # 0, tad aprekinam ag — o un talak algoritms
aj

turpina darbu saskana ar induktivo soli.
Induktivais solis. Dots reals skaitlis a,. Aprekinam g, = |a].
(i) Ja {an} = 0, tad algoritms beidz darbu;

1
(i) ja {an} # 0, tad aprekinam api1 = ol un talak algoritms
Qp

turpina darbu saskana ar induktivo soli.
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Ta rezultata katram realam skaitlim « Eilera algoritms, ja tas ir
beidzis darbu, tad ir uzgenergjis divas galigas virknes:

q1,492,---,0dn;
a1,092,...,0q.

Preteja gadijuma Eilera algoritms generg divas bezgaligas virknes:

ai,92,---,4n,- .
a1, 02,...,0p,...
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Piemers
P/e//etOSIm Eilera a/gor/tmu skaitlim o = 27 = 2,7. Define
a1 = =L, Tatad g1 = L J—2 Iegustam ka
10
= . Seko, k = |10 = 1. legiistam, k
Q9 {Oil} 77 eko, ka go = [ =] = egistam, ka
ag = @ 3" Seko, ka g3 = L%J = 2. legiistam, ka
1 3
= — - = . k b k = — 9. I [ t ’ k
oy {043} 1 = 3. Seko, ka q1 = |3] = 3. legistam, ka
{as} = 0 un algoritms beidz darbu.
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Kézu dal

Apgalvojums

Ja q; skaitlim « generéti saskana ar Eilera algoritmu un {a,} # 0,
tad

[91; 92, - - -5 Gn, Qtnt1]

ir skaitla o reprezentacija.

Apgalvojums

Ja q; skaitlim « generéti saskana ar Eilera algoritmu un {a,} =0,
tad

[g1; 92, - - -, qn]

ir skaitla o reprezentacija.
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Kezu dala

Piemeérs
Pielietosim Eilera algoritmu skaitlim oo = %(7] = 2,7. Definésim
oy = £5. Tatad q1 = L—J = 2. legiistam, ka
10

— = —. Seko, ka gz = || = 1. legiistam, k
a9 {Oil} 77 eko, ka qo = [+ egiistam, ka

= = . Seko, k L1 =2. legiistam, k
as {012} g eko, ka g3 = | 5] egistam, ka
oy = T= = 3. Seko, ka q1 = |3] = 3. legistam, ka

{as} —

{a4} = 0 un algoritms beidz darbu.

Tatad skaitla % = 2,7 reprezentacija ir kezu dala [2;1;2; 3].
Teorema

Eilera algoritms skaitlim « beidz darbu galiga solu skaita tad un
tikai tad, ja o € Q.
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Rekurences virknes. Katrai realo skaitlu virknei (qn)nez,
defingsim virknu pari (Pp)nen, (Qn)nen:

Po=1, Pi=q1, Pn+= qPn1+ Ppo;
QO — 0, Ql — 17 Qn — ann—l + Qn—2 .
Definicija

Virknes (Pp), (Qn) sauc par virknes (qn) rekurences virkném.

Teorema
Katrai kézu dalai [q1; g2, - . ., qn] tuvingjuma dala
Pn
On=—.
" Qn
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Piemers

1
Skaitla a = % izvirzijums kéZu dala.

Risinajums. lzmantojam Eiklida algoritmu:
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Vienlaicigi sastadisim tabulu izmantojot

Py =
Q =

L,
0,

Pi = q1,
Ql ~ ]-a

105
76

Pn
Q@n

138 =2

annfl + Pnf2;
annfl + an2 .

qi

P 1

N

Qi
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38

105 :38=2
76

129 =1

- 29

Vienlaicigi sastadisim tabulu izmantojot

Po =
Q —

L,
0,

Py = qi,
Ql ~~ 17

P, = annfl + Pn_2;
Qn = ann—l + Qn—2.

qi 2

1

P |l 1

3

Qi|0]1

1
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- 27

38 :29 =1
29

29 :9

105 :38=2
76
=3

Vienlaicigi sastadisim tabulu izmantojot

Po=1, Pi=qi, Po+= qaPn1+ Pp2;
Q=0 Q=1 Qn+= g:Qn1+Qroa.
qi 2 1 3
Pill1]23]11
Q; 1|1 4
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106 :38=2
76

029 =1
=3

Vienlaicigi sastadisim tabulu izmantojot

Po =
Q +

1, Pquh PnFann—l—f—Pn_Q;
0, Q= 1, Qn = ann—l + Qn—2.
ai 271 3] 4
P; 2 13|11 | 47
Qi 11 4|17
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105 :38=2
— 76
38 :29 =1
— 29
29 :9 =3
- 27
9 12 =4
— 8
2 1 =2
Vienlaicigi sastadisim tabulu izmantojot
P()fl, Pl;qu PnFann—1+Pn—2;
QO = 0, Q= 1, Q= ann—l + Qn—2.
qgi 211 3 4 2
Pi|1 3|11 | 47 | 105
Qo111 4|17 38
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105 :38=2
- 76
38 :29 =1
- 29
29 :9 =3
- 27
9 :2 =4
- 8
2 1 =2
qgi 211 3| 4 2
P, l|1]2 11 | 47 | 105
QII0|1|1] 4|17 38

105
Ta rezultata kezu dala [2;1, 3,4, 2] reprezente skaitli 35
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q: 211] 3] 4] 2
P 1231147105
Qllol1[1| a[17]| 38

Parbaudisim, vai izpildas teoréma, ka katrai kezu dalai

(15 G2, - - ., gn] tuvinajuma dala
P
Op = —.
" Qn
PR Y
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qgi 211 3| 4 2
Pif1]2]|3]11 |47 | 105
QlOofl1]1| 4|17 | 38

Parbaudisim, vai izpildas teoréma, ka katrai keézu dalai

(915 G2, - - ., gn] tuvinajuma dala
P
Op = —.
" Qn
Py 3
bo=q+—=2+-=2+1=3=—"=—
2=0q . Q 1
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q: 211 3] 4] 2
P. 12131147105
Qlol1|1] al17| 38

Parbaudisim, vai izpildas teoréma, ka katrai keézu dalai

(15 G2, - - ., gn] tuvinajuma dala
P

Op= —.

" Qn

1 3 11 P
63 =q1 + =2+ =242 =223

1 4 4 Q3

3
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q: 211] 3] 4] 2
P 1231147105
Qllol1[1| a[17]| 38

Parbaudisim, vai izpildas teoréma, ka katrai keézu dalai

(15 G2, - - -, gn] tuvinajuma dala
P
Op= —.
" Qn
1 1 1
54:q1+—1:2+71:2+1 T =
g2 + 1 I+ — T 13
q3 + — 3+
Q4 4
1347 P
17 17 Q4
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q: 211] 3] 4] 2
P, 1231147105
Qllol1[1| a[17]| 38

Parbaudisim, vai izpildas teorema, ka katrai kézu dalai

[q1; g2, - - ., gn] tuvinajuma dala
Pn
Op = — .
n Qn
1 1
P+ —7 I+ ———
gs + — 4+ —
1 1q5 29 105 /32
4
2 7:2 7:2 —_—= —— = —
" 1 T TR TR @
1+72 29
3+35
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Uzdevums

. 257 . _ _y - - .
Atrast skaitla « = —— izvirzijumu kéZu dala un parbaudit, vai ir

spéka, ka katrai kézu dalai [q1; g2, - . ., qn| tuvindjuma dala
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Izmantojam Eiklida algoritmu:

257 :T74=3
— 222
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Izmantojam Eiklida algoritmu:

257 :T74=3
— 222
74 35 =2
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Izmantojam Eiklida algoritmu:

257 :T74=3
— 222
74 35 =2
- 70
35 4 =8
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Izmantojam Eiklida algoritmu:

257 :74=3
— 222
74 :35 =2
- 70
35 :4 =38
- 32
4 :3 =1
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Izmantojam Eiklida algoritmu:

257 T4 =
— 222
74 :35 =2
- 70
35 :4 =8
— 32
4 :3 =1
- 3
3 1 =3
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257 74 =
- 222
74 :35 =2
- 70
35 4 =8
- 32
4 3 =1
- 3
3 1 =3
Tagad varam sastadit tabulu:
qi 3
P11
Qi0]1
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257 74 =
- 222
74 :35 =2
- 70
35 4 =8
- 32
4 3 =1
- 3
3 1 =3
Tagad varam sastadit tabulu:
qi 3
P13
Qi0]1
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257 74 =
- 222
74 :35 =2
- 70
35 4 =8
- 32
4 3 =1
- 3
3 1 =3
Tagad varam sastadit tabulu:
qi 312
P13
Qi||0]1
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257 74 =
- 222
74 :35 =2
- 70
35 4 =8
- 32
4 3 =1
- 3
3 1 =3
Tagad varam sastadit tabulu:
qgi 3128
Pill113]|7
Q0|12
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257 74
- 222
74 :35 =2
- 70
35 4 =8
- 32
4 3 =1
- 3
3 1 =3
Tagad varam sastadit tabulu:
qi 312| 8
Pi{l13|7]|59
Q|0 1|2]|17
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257 74 =
- 222
74 :35 =2
- 70
35 4 =8
- 32
4 3 =1
- 3
3 1 =3
Tagad varam sastadit tabulu:
qgi 312 8| 1|3
Pi|1]3]|7]59]|66

Q0|1]2|17 |19
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257 74
- 222
74 :35 =2
- 70
35 4 =8
- 32
4 3 =1
- 3
3 1 =3
Tagad varam sastadit tabulu:
qgi 312 8| 1 3
Pif1]3|7]59]|66| 257
Q0121719 | 74
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257 :T74=3
— 222
74 35 =2
- 70
35 4 =8
- 32
4 3 =1
- 3
3 1 =3
Tagad varam sastadit tabulu:
qgi 312 8| 1 3
P; 3|7]59]|66| 257
Qi 1121719 74

Ta rezultata kezu dala [3;2,8,1, 3]
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reprezente skaitli 257
Z 1T ———.
P 74




Uzdevums
Kadu dalskaitli reprezenté kézu dala [1;3,2,2,4]? Sastadit tabulu

ai
Pi
Qi
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Kezu dalai [1;3,2,2,4] atbilst skaitlis
1

G2+ ————
CI3—}-71

qs + —
g5
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Kezu dalai [1;3,2,2,4] atbilst skaitlis
1

©t 71 A
Bt T 2t

4+ — 2+ —
I a5 4
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Kezu dalai [1;3,2,2,4] atbilst skaitlis
1 1

a=q + 1 =1+ 1
Gt ———71 e
g3 + 1 2+ —7
Qs + — 24—
a5 4
1
1+ T =
3+
2+ %
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Kezu dalai [1;3,2,2,4] atbilst skaitlis
1 1
=l —

oa=q -+ 1
Pt 1 St 1
gs + 1 2+71
Qs + — 24—
as 4
14+ 1 =1+ L _
1 9
3+ 7 3+m
2+3
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Kezu dalai [1;3,2,2,4] atbilst skaitlis
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Kezu dalai [1;3,2,2,4] varam sastadit ari tabulu
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Kezu dalai [1;3,2,2,4] varam sastadit ari tabulu
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Kezu dalai [1;3,2,2,4] varam sastadit ari tabulu
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Kezu dalai [1;3,2,2,4] varam sastadit ari tabulu
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Kezu dalai [1;3,2,2,4] varam sastadit ari tabulu
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Kezu dalai [1;3,2,2,4] varam sastadit ari tabulu
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Pasaulslavena problema. Pienemsim, ka kézu dala
[91:G2, ..., Gn, . ..] skaitlim /2 iegiita ar Eilera algoritmu. Vai
virkne (gp) ir ierobezota?
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Paldies par uzmanibu!
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